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ABSTRACT OF THE DISSERTATION

Symmetric Functions of the Eigenvalues of a Matrix

by
Andrius Kulikauskas
Doctor of Philosophy in Mathematics
University of California, San Diego, 1993

Professor Jeffrey B. Remmel, Chair

Consider a matrix A € GL,, (C) with eigenvalues &,,...,&,. This thesis provides
combinatorial interpretations for six bases of the ring of symmetric functions when they
are evaluated at £,..., &, in terms of the entries of A = (a,.j)lg'jSN. For each basis the
usual definition is then recovered upon setting @, =0 whenever i # j, so that &,...,&y
are given by a,,,...,a,,. The bases considered are the elementary {el}, power {1’,1}’
homogeneous {Igl } forgotten {f{1 } monomial {ml} symmetric functions, and the Schur
functions {sl}.

The equation h,(&,,...,Ey ) = % 21)”(51,...,§N) yields an original interpretation
for h,(&,,...,E,) interms of multisets olll’tlhjyndon words on 1,...,N. The same method
describes [ (&,,...,&y) in terms of multisets of Lyndon words on an alphabet

1,...,N,1,...,N of upper and lower case letters such that A records the distances between

the upper case letters. A similar approach expresses ml(él,..., éN) as those terms from



-

the determinant of the walk matrix det(I/(I—-A)) for which the lengths of the walks
involved are given by A .

Theorem 4.3.1 expresses s, (&,....,€y ) in terms of rim hook tableaux. Each hook
R, is associated with a Lyndon word ¢;, andif £, = fj, i < J, then the start of Rj isina
column to the right of the start of R,. This generalizes the fact that s, generates column
strict tableaux. The proof depends on lemmas which relate rim hook tableaux and special
rim hook tabloids. Also included is a new formula s, (&,....&y ) =
derl(av) ) fae(ar),)

Evaluating symmetric functions at eigenvalues may provide a unifying framework

for disparate results in combinatorial matrix algebra. In such a context, the techniques

used to interpret ne, = z‘(—l)"I p,e,., are the same as those used to prove the Cayley-

r=1 n
Hamilton theorem, and those used to interpret Z(—l)’erhn_, = 0 are those used to prove
r=0

the MacMahon Master theorem. In a sense, evaluating symmetric functions at
eigenvalues establishes a Master theory because A may be specialized in profitable
ways. For example, if A is in rational canonical form, then the expansion of a symmetric
function F in terms of {e, } is embedded in the expression for F(&,,....&, ).

The Appendix contains a new and simplest known proof that

_ A AN~ N—i . QEe]
S (Xpeen Xy ) = det(x : )155,,51\/ / det(x]"~ generates column strict tableaux.

)151,151\/







CHAPTER 1
INTRODUCTION

The determinant det(A) ol an N XN matrix A € G, (CT) is the product of its
cigenvalues &,,...,&,. The trace tr(A) of A is the sum of its cigenvalues. These are
symmetric functions ey (x,...,xy ) = x,2,°-- X and ¢ (X)sees Xy ) = X, + Xy ..k xyy that have
been evaluated at the eigenvalues 51,...,6 v- Symmetric {unctions are very rich in
combinatorics. This thesis evaluates six bases of the ring of symmetric functions at the
cigenvalues E,,...,&, of an N X N matrix A = {a"f}ls.'.jszv and considers the combinatorial
objects that they generate.

From the point of view of algebra, the problem is straightforward. A symmetric
function F(x,...,xy) €Z|x,,...,xy ] is a polynomial with the property that
F(xg(l),...,x”w)) = F(x,,...,xy ) for all permutations ¢ € S. The fundamental theorem of
symmetric functions states that any symmetric function can be expanded in terms of
clementary symmetric functions ¢, H"x yA=(A,04,), A, 24, 2.2 4, >0, where
e, (xl,...,xN) = Ex,.‘xiz---xi" Clt lhercfom sulfices for us to evaluate the clementary

1i <...<i, <N

symimetric functions e, (&, ,ZjN) I<n<N. Butthese are gencrated by the function

det(I+xA)= H (1+x¢,) Ex ¢, (&), Ey ). The coefficient of x" in
i=1

I +xa,  xa, - xapy
Xty IHxa,, 0 Xdyy
det . : .
Xy, Xy, - T+xayy




8%

is the sum of the determinants of the n X n principal minors of A. This allows us to
calculate any symmetric function F(x,,...,x,v), so long as we know how to expand
F= Z Mxlvm.ﬂ,ﬁ‘)h in terms of ¢lementary symmetric functions.

222,30, r20 i=1

It is from the point of view of combinatorics that our problem becomes
interesting. There are infinitely many bases of the ring of symmetric functions, but our
attention is captured by six bases. They are the power {Pz }“", elementary {e/1 }“",
homogeneous {/zA }M_“, monomial {mﬂl }““, forgotten {fA }b" symmetric functions, and
finally, the Schur functions {.\'A }A:_", all of which we define in Section 1.1. The
importance of these bases is made manifest by their role in the representation theory of
the symmetric group Sy- This role is most succinctly expressed by the formula
b(x,,.. LXy)= 2[’ 5(X15...,xy ) where ch is the Frobenius characteristic map and
B is the characteraf;f Sy for which b =ch(B). And yet at times it seems that something
deeper hides within the personalities of these six bases, as if they reflect schemes by
which our own minds orgunize variables. Tn any event, interpreting equations that relate
symmetric functions is one of the richest areas of algebraic combinatori :s.

This thesis contributes the observation that evaluating a basis {Fl(fl,...,ij,\,)}“"
for the symmetric functions at the eigenvalues & ,...,&, of an N XN mutrix A only
serves to increase the wealth of combinatorial structure that it holds. Tlat this is true can
be seen from the fact that setting the off-diagonal elements of A = {(z,.j}’si'jsN equal to
zero leaves us with a diagonal matrix with eigenvalues «,,...,ayy, and F, (xl,...,xN)
becomes F, (a,,,...,ayy ). Tor example, setting a;=0,i#j,1<i,j< N, eliminates all
of the terms of ¢y(&,,...,&y ) = det(A) except @y, +-ayy, and setting a; =x;, 1<i<N,
recovers ey(X,,...,xy) = XX, xy. The fact that ey (&,,....&, ) =det(A) is a generating
function for the elements of S,, only emphasizes the difference between the algebraic

oint of view, in which I, (&,,..., &, ) is a specialization of 17 {x,,...,xy ), and the
A\51 5w A\ N

combinatorial point of view, in which F, (£,,...,£,) is a generalization of F,(x,,...,xy ).




What kind of objects do symmetric functions {Fl(él,...,é,‘,)}b" generate 7 The
elementary symmetric functions {el (51 ,...,5,\,)}/1> help supply an answer. A term from
e,(&,.....&y ) can be described as a weight associated with a set of disjoint cycles, as in

the example below, where n=06, N =9, and the weight is aa,,a;,0,,a,0,,.

It follows that a symmetric function F, (&,,...,€,) generates terms that can be understood
as weights associated with multisets of cycles. In practice, the multisets that arise are
interpreted in terms ol various combinatorial objects, including closed walks and Lyndon
words, but these objects are always circular in nature. In greatest generality, the
combinatorial phenomena that develop involve objects which resemble cycles, but may

have letters that appear more than once, as in the example below.

In Section 1.3 we formalize these objects and call them walkalongs. Throughout this
thesis we find that various operations on these walkalongs occur over and over again in a
variety of settings.

However, the more significant results of this thesis rely on combinatorial tools
that allow us to express the six bases in terms of each other. These are tableaux and

tabloids that provide combinatorial interpretations lor the entries of the transition



matrices that relate the six bases. Best known are the column strict tableaux and rim
hook tableaux. But we also make good use of brick tabloids, weighted brick tabloids, and
special rim hook tabloids, recently introduced by Egecioglu and Remmel [ERI][ER2].
Both the tableaux and the tabloids are defined in Section 1.2.

Theorems 3.3.1 and 4.3.1 are the two main results of this thesis. Theorem 3.3.1
evaluates the forgotten symmetric functions fl(fl,...,fN ) The terms that they generate
involve Lyndon words on an alphabet 1 <...< N <1<...< N of upper case and lower case
letters. This is a surprising result because it suggests that j"A(éfl,...,ZjN) has arguably the
most natural expression of any of the bases that we consider, whercas a combinatorial
expression for the forgotien symmetric functions f, (xl,...,xN) was arrived at only
recently. Theorem 4.3.1 is an expression for the Schur functions \A(J,léw) in terms of
rim hook tablcuaux that generalizes the fact that s, (,\71,...,,\‘N) is generates column strict
tableaux. The rim hook tableaux are constructed so that each rim hook is associated with
a Lyndon word. Rim hooks that are associated with the same Lyndon word are layed
down in a descending order. Seuting ¢; =0, i#j, 1 SL,j<N, , 1SiEN,
recovers the usual description of the Schur functions in terms of column strict tablcaux.

In Chapter 2 we discuss the power p,(&,,...,Ey ), clementary ¢,(&,....,&y ), and
homogeneous lzn(él,...,ij) symmctric {unctions. Wc start by {inding combinatorial
interpretations for the three recursion relations that relate these bases, and they suggest
that symmetric functions of eigenvalues provide a unifying framework for the
combinatorics of matrix algebra. First, we rclate Straubing's | Str] combinatorial proof of
the Cayley-Hamilton theorem with an interpretation of ae,(&,,...,¢y ) =
i(——l)’"lpr(él, vEn)en (&b Ey). Second, we relate a combinatorial interpretation of
nh (e Zp (Epen &y R (&en, Ey) With the factorization of words into

Lyndon words. Tlnrd, we relate Foata's [CF] combinatorial proof of the MacMahon



Master theorem with a combinatorial interpretation of

P 1Y € (G BV (e )0

r=0
Most of our attention in the rest of chapter 2 is devoted to the homogeneous

symmetric functions. We provide four different interpretations for h,(&,,...,&, ),
including an original onc in terms of multisets ol Lyndon words. All of these are referred
to in later chapters. We also study the walk matrix, the trace of which tr(I/(1-xA))

N
= 2(1/ (1-x¢, ) = Zx”p” Epveer &) generates the power symmelric functions, and the

determmant of which det(]/ (I-xA))= H( - x&, ) E,x"h" &,....&y) gencrates the

i=1 n=0
homogencous symmetric functions.

Chapter 3 provides a combinatorial interpretation of the forgotten f, (&,,...,&y)

=1 (ch fl)(o)p (&,,-...&y) and the monomial symmetric functions

”l ges,
1 - : . " . .
iy (Eprennn &) = —TZ(Ch i )(0)Py (&0 €y ). Section 3.1 discusses an inunanant
rIeS
formula [)((.fl,“ 2 lmm, A from Lilllcwoo(l\ book, and shows that it is
1! weN"
combinatorially cquwalent to I)(él,.. ZB (0)p,(&poeenEy). Section 3.2 further
neS

prepares the way by showing how Egccnoglu and Remmel JER2| use weighted brick
tabloids to interpret the character (ch" f; )((7) = sgn(o’)-(ch" n, )(cr) Our cfforts lcad
to two combinatorial interpretations of f,(&,,...,&y), one of which is the Theorem 3.3.1
mentioned above. We also arrive at an expression for the monomial symmnetric function
in terms of the determinant det(I/(I - xA)) of the walk matrix. With the help of an

involution from Section 2.3, this gives a striking interpretation of the equation

hn (Dl’ anl él’ )

Arn
In Chapter 4 we consider two new expressions for the Schur functions

8, ({j, s Ey ) The chapter starts with Theorem 4.1.1, which presents an original formula

sl(fjl,...,f,\, ) = det((AlﬂN—i)jf)lgi,jsN/du((AN )H)

126, /<N



that brings to mind the usual quotient formula s, (,\‘1,...,_\'N) =
det(x}'*”‘i)KUSN/det(,\'f_")lg‘jw. Next, Theorem 4.3.1, as mentioned above, presents
an expression for s, (él,...,éN) in terms of rim hook tableaux and Lyndon words. In
Section 4.2 we prepare the way for the proof of this theorem by undertaking a study of
the relation between rim hook tableaux and special rim hook tabloids.

Finally, in Section 4.4 we complete our picture of symmetric functions of
eigenvalues by acknowledging perhaps the most important fact about them, which is that
sl(fl,...,cf,v) is the trace of the irreducible representation of the general linear group
GL, (C) associated with the partition A. We do not offer any new results, but simply
present explicit representations due to Littlewood |L], and take their trace. The
representations are straightforwa~d when A is a hook shape, and they bring to mind
Foata's [CF] circuits, which we discuss in Section 2.2. In general, however, when A is
an arbitrary shape the representa:ions are more complicated and unwieldy.

In the conclusion of this ‘hesis we offer the theory of symmetric functions as a
unifying framework for disparate results in matrix algebra. Many of the combinatorial
techniques in the last chapter ol Brualdi and Ryser's [BR| recent book can be understood
in terms of symmetric functions evaluated at the eigenvalues &,...,Ey of an N X N
matrix A. Another idea presented in the conclusion is that specializing A in various
ways may make the results of this thests uselul in a variety of algebraic situations. The
thesis ends with our hope that the results may in some small way prove helpful in the
study of algebraic structures such as the free Lie algebra, or the representations of the
general linear group GL (C).

Also included in this thesis are laconic proofs of two classical results in the theory
of symmetric functions. An Appendix presents a new combinatorial proof that the
quotient of alternants det(xf‘*”"’)lsi'jgN/del'(.rf“")M ien generates column strict tableaux.

This proof is the shortest known and does not involve crossmultiplying by



det(x;" i )15- - Asecond result is to be found at the end of Section 4.3. It is a quick
i)

combinatorial proof of the fact that the usual calculation of the irreducible character

2 (o) of S, by way of rim hook tableaux does not depend on the order chosen for the

lengths of the rim hooks. This proof depends on techniques for manipulating rim hooks

that are discussed in Section 4.2.



SECTION 1.1 SYMMETRIC FUNCTIONS

In this section we define the six bases of the ring of the symmetric functions
which are the subject of this thesis. We also review several of the equations that relate
these bases. Many of these are of the form b, = EM(b,a) 2.2, » and we defer the
combinatorial interpretation of the matrix entries“lilnl(b,a)m until Section 1.2. We do,
however, make several remarks about equations b, = ZM(b, p)m p, thatexpand a
symmetric function b, in terms of the power symmetrlil::nfunctions {p,1 } 1qe Such
equations often arise in the form ch(B‘) = %231(#)@1),, , where B* is a character or
virtual character of the symmetric group S,. . Xlnthough the results of this thesis do not
depend on concepts or facts from representation theory, it may be argued that features of
the theory appear implicitly. Rather than recount this theory, we illustrate it by
considering the case of 3x 3 permutation matrices. Finally, we end this section with a
discourse on the six bases defined above, with a sketch of their various personalities. It is
our hope that the results in this thesis will shed more light on the nature of these bases.

Given a vector space, it is possible to express its elements in terms of a basis.
Such expressions can be extremely practical to work with. From them we can tell the
magnitude with which members of the basis are present in a given vector, and we can tell
which members are not present at all. However, these expressions depend on the choice
of basis, and in general there are infinitely many bases to choose from. Through most of

this century an attitude has held sway that to express mathematical ideas clearly it is best

not to work with a concrete basis. In the words of Herstein,

As a general principle, it is preferable to give proofs, whenever possible,
which are basis-free. Such proofs are usually referred to as invariant ones.
An invariant proof or construction has the advantage, other than the mere
aesthetic one, over a proof or construction using a basis, in that one does not
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have to worry how fincly everything depends on a particular choice of bases.
[H, 187]

Even when one does work with a basis, it is often with a single basis that suggests itself
from the way the vector space is defined, a "natural” coordinate system.

As we turn to study the ring of symmetric functions, we find ourselves in a very
different situation. Our attention is captured by six of the infinitely many bases available.
For each of these six bases there is a different context in which it seems natural and a
different reason for why it is interesting. But the importance of all six of these bases has
been borne out by the developments and achieveiments of representation theory and these
bases have a special significance to the theory of the symmetric group.

Let Z[xl,...,x,v] denote the ring of polynomials in the commuting variables
Xpyeen X, Then l)(xl,...,xN) is a symmnretric function it and only if l)(.\‘x,.,.,,\‘,\,) €
Z[xl,...,x,v] and l)(xn(l),xa(z),...,,\'U(N)) = I)(x],xz,...,,\‘N) for all permutations o€ S,. The
symumetric functions form a subring A, of Z[xl,...,x,v] which is known as the ring of
symmetric functions.

A, isaZ-module. In this thesis for most purposes it will be simiplest to think of
A, as a vector space with cocfficients in Q or C. This mercly requires that we suppose
the coefficients to be not exclusively integers, but rational or complex numbers in
general. When we think of A, as either a Z-module or a vector space, then within A,
we tend to work with A, which consists of the symmetric functions homogeneous of
degree n, thatis, symmetric functions whose every term is of degree n. The zero
polynomial is also included in A’y. In general, we assume that N 2 n.

The dimension of A}, as a Z-module or as a vector space is the number of
partitions of 1. We define a partition A of n to be a sequence 4,,...,4, of n non-
negative integers written in decreasing order A, 2...2 A, 20 sucli that A, +...+4, = n.

The length (1) of A is the number of nonzero integers in the sequence, and therefore
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A;=0when ((A)< j<n. If j>n, then it is always understood that 4, =0. We write
A > n to emphasize that A is a partition of .

The members of any basis of A", can be indexed by partitions, as can the rows
and columns of any transition matrix. In writing down the entries of transition matrices
there is a need for an ordering of the partitions, although it plays no role in our results.
The reverse lexicographic ordering is used throughout. With regard to this ordering A
precedes pt if there exists an i such that A; =, forall j<i and 4, > u,. Partitions are
then written in decreasing order. For example, the partitions of 5 are written as:

5,41, 32, 311,221, 2111, 11111,

The subject of this thesis is the combinatorics of the six bases of A’ that follow.
Although the definitions all depend on the number of variables N, the bases are all
defined so that equations relating their members hold for all N, so long as it is fixed and
N2n.

The power symmetric functions { s } 1., are defined by p, = H p,, where
p,=x/+..+xy, r>0,and p, = 1. e

The elementary symmetric functions {"1 } 1., dre defined by ¢, = Hel_ where
~H i

A;>0
= - 3 : : =
e, ijl,\jz‘..d\j', r>0,and ¢, = 1.
hi<h <<, )
Uhe homogeneous symmetric functions {hl } .., are defined by h, = th_ where
n i
;>0

h fo.-";:--'»“j,.» r>0,and i, =1.

WSS,

The monomial symmetric functions { ni A} are defined by

A-n

m, = Zr“ v* . x*  where the sum is taken over all permutations o of the numbers
. Xoy ¥ oty Xatn) : s all p g

,2,...,N such that o(i) < o(/) if both i< jand 4, =4 ,.

The Schur functions {Sl } 1., are defined by

det(xf"w"")

T det(x)

1<i,j<N

1<i,jSN
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A definition in terms of column strict tableaux is given in Scction 1.2.

The forgotten symmetric functions { £ }AH‘ are defined by f, = a)(ml) where @
is the involution on A, which maps ¢, into /i, and vice versa. A definition in terms of
brick tabloids is given in Section 1.2,

We elaborate on the involution @ mentioned above. There exists a ring
homomorphism @ on A, such that a)(e") = /i, for all n. From the symmetry of the 2's

n

and the e's in the recursion relation Z -1)e/
r=0
which says that @ is an involution. It can be shown that a)(pl) =sgn(A)p, , where

= 0 it follows that o(w(e,))=e,,

r Il"‘l’

sgn(A) = [T(~1)*" is the usual sign of the cycle structure A. Morcover, (s, ) = 5,.,
1<isn
where A7 is the shape conjugate to A, as defined at the end of Section 1.2. Finally,
suppose that A, is cndowed with an inner product defined by declaring ( “) 51# ,
with §,, =1 and 51“ =0if A # . Then w is an isometry with regard to this inner
product, which is to say that (f,g) = <a)(f),a)(g)> forall f,ge A,. Itcan be shown that
. . n! .
(fpi,l> O (ml,h“> =0y, and (pl,p“> =12,0,,, wheie z, = o and €7 is the
A
number of permutations for which the cycles have lengths given by A > n. The usual

refercnce to the theory of symmetric functions is Macdonald's book, Symnietric

Functions and Hall Polynomials. |M|

Equations that relate the six bases defined above do not depend on N, so long as

N is fixed and N 2 n, as we have already remarked. The simplest of these cquations are
n
a1 v' H — r= l —_—
the recursion relations ne, = 2( 1) " pe,., ., nh, = 21), b, Z ~eh_, =0,
r=} r=0
which we interpret in Scction 2.1. We also interpret lhc cquatlom h, = 2”’1 in Section
Axn
34and ¢, = Z/’A in Scction 3.3, In gencral, most ol the equations take the form
Asn
= ZM(I), a), 4, where M(b,a), , is the transition matrix from the a,'s to the b, 's.
Hn
Combinatorial interpretations exist for the entries of thesc transition matrices, and we

review them in Section 1.2.
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The Jacobi-Trudi identity s, = dct(hﬂ‘_iﬂ) , m={(A), where h; =0

15i, j<m
whenever j <0, is of special importance in Chapter 4, which is devoted to evaluating the
Schur functions s, (&,,...,&,). Theorem 4.1.1 is inspired by an algebraic proof of the
Jacobi-Trudi identity. Theorem 4.3.1 may be understood as a combinatorial

interpretation of the Jacobi-Trudi identity, where we write it as the transition matrix
equation §, = ZM(A‘,/:)M h, that expresses s, in terms of the A,'s.

The sy:;:ll;wtric functions f,(&,.....Ey) and m,(&,,...,E,) are evaluated in chapter
3 using the equations f, = EM(f,p)M Py and m; = zM(m,p)Mp“ , and it seems that |
a similar approach can worllin—fgr the Schur functions s, I(LZ‘:CN) With regard to our
techniques, we find that there are special advantages to expressing symmetric functions in
terms of the basis {1)1 }b“ of power symmetric functions.

The statements and methods of this thesis do not depend on anything from the
theory of symmetric functions other than what we have mentioned above. Nor do they
depend on any concepts or results from the representation theory of the symmetric group
S, with which the theory of symmetric functions is usually associated. This having been
said, it is true that some of our most effective approaches make use of equations
b, = EM(I),p)W P, in which the transition matrix takes on the form

H-n 1

M(l),I’)M =— ZBA (0). Here U, is the set of permutations o € S, with cycle
‘ ()\;U’A

structure yt =1 and B* (o) is the trace of a representation of the symmetric group, or a
linear combination of such traces. Our constructions use the permutations o € S, to add
labels and use the factor 71' to remove these labels. They suggest that the functions
B*(0) are at work, albeit i;nplicitly, and in fairness to them we devote some pages of this
section to remarks on their role in representation theory. We also point them out in
various places througliout this thesis.

Two permutations T, o € Sy belong to the same conjugacy class if and only if

there exists a g € S, such that 7= g 'og. In particular, T and o belong to the same
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conjugacy class if and only if they have the same cycle structure. ‘This means that there is

exactly one conjugacy class of S, for each partition A > n. The size of the conjugacy

class associated with the cycle structure A4 is C, = n/(ni"" -ml.!) where my,...,n, are
1<i<n

the integers for which A = n™.-.2"1™. -

Let B:S, =7Z be a class function, that is, a function that is constant on conjugacy
classes. We writc either B(cd) or B(4) to indicate the value of B ata permutation ¢
with cycle structure A. Define class functions Z* such that Z*(1)=1and Z*(p)=0
forall g # A. Then any class function B can be thouglit of as a lincar combination
> B(A)Z*, and with this in mind we Iet R, be the module over Z whosc elements are
Axn

these linear combinations.

The Frobenius characteristic map ch:R, — A is defined by

ch(B) = EB C,p,. We make frequent mention oflhi% formula, especially in
l*u
Chapter 3 but we usually write it in the form ch(B) = ZB(G D, » where the index o
” Ues,

of p, is understood as the partition which gives the cycle structurc of o. This is
compatible with combinatorial constructions in which we think of a permutation o as
providing labels o(1), o(2),...,0(n). The Frobenius characteristic map serves as a key to
understanding the marriage between the theory of symmetric functions and the
representation theory of the symmetric group S, .

The Frobenius characteristic map is an isomorphism, and we may spcak of its

inverse, ch™ . Therefore the functions {7(’1 }A for which ch(x‘): s, arc a basis for R .

-
They are the irreducible characters of S, and of central importance to the representation
theory of S.. A representation p of S, of degree d is a group homomorphism

p:S, = GL,(C) which sends cach permutation o€ S, to a d X d matrix p(o) with
complex cntrics, and p(o)p(7) = p(oT) is the usual matrix multiplication. For example,

the homomorphism y,, which maps a pcrmutation o € S, into the associated 3x3

permutation matrix is a representation of degrec 3. A character of S, is the tracc of a
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representation of S,. A reducible representation is one that is isomorphic to a direct
product of representations. The representation ., is reducible. An irreducible
representation is one that is not reducible. Finally, an irreducible character is the trace of
an irreducible representation.

We want to touch on the role of irreducible characters in representation theory, if
only so as to make plausible the significance of the Schur functions s, = ch( x‘) and the
transition matrix M(s,p), , = %Cy 2*(u). With this in mind, let us summarize some of
the achievements of representation theory as they apply to S, [Se]. Say that two
representations p and p” are equivalent if p(o)=Dp’(c)D™ for some D e GL,(C) and
forall o eS,, thatis, they are equivalent if and only if they differ by a change in
coordinates. The number of irreducible representations of S,, up to equivalence, equals

the number of conjugacy classes of S , which as we have observed equals the number of

partitions of n. The trace y* of any such representation {A} is constant on conjugacy
classes and has integer values, so that ¥* € R, for all A > n. If two representations have
the same trace, then they are equivalent. In fact, a representation is a direct sum
p(0)=p,(0)®---®p, (o) if and only if the corresponding character is a sum

tr(p(0)) = tr(p,(0))+-+tr(p,(0)). This means, in particular, that a class function

BeR, is acharacter B(o) = tr(p(0)) of S, if and only if it is a linear combination

B(0) =Y m,x* (o) where {x‘ }AH are the irreducible characters x*(0) = tr({A}(0)) of
S, {{A /}IKH are the irreducible representations of §,, and the multiplicities m, are the
nonnegative integers which indicate the number of copies of {A} in the direct product
p= AEP,.{A}MA'

It is possible to give an explicit description of the representations {{A}} For

Asn"
example, the representations of S, of degree one are the trivial representation
{n}(o)=(1) and the alternating representation {1" }( 0) =(sgn(o)). In fact, in Section 4.4

we provide explicit descriptions for the representations of GL., (C) from Littlewood's [L]
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book, and specializing these gives Young's natural representations of S . There is also a
combinatorial interpretation of y*(it) = L!M(s, P),, in terms of rim hook tableaux
which we state in Section 1.2 and usc in Sgction 4.3, Howecver, in order to make the
representation theory of §, niore concrete, we present an example of the decomposition
of a representation of S into irreducible representations.

Let w,, be the representation of S, which maps o € 5, into the 3 X3 permutation

matrix (5 . If we observe how these matrices act on vectors (x,0,0), ((J, y,()),

“(‘)1)1si,js3
(0,0,z2), then we find that y,, Icaves fixed Lhe line x =y =z. We imaginc (his linc as

passing down our line of sight into the coordinate system shown below.

We therefore consider the equivalent representation Dy, (o)D™ which is gotten by a
change in the coordinate system (x,0,0) = (x,x,x), (0,,0) = (y,—»,0),

(0,0,2z) — (0,z,—z), so that D is the matrix

11 1 12 1
D=|1 -1 0 D=1 -1 1
0 1 -l U -1 -2



16

o=(123)

o =(132)

o =(12)3)

(13)2)

o

o = (1)(23)

o =(1)(2)(3)

[am—y

A=3
1Y(0 1 0)(1 2
0 [O 0 1)1 -1
=11 0 0)\1 -1
1Y(0 0 1)1 2
0/1T 0 0f]1 -1
-1)l0 1t 0)1 -1
A =21
1Y(0 1 0)(1 2
0|1 0 O0/f)J1 -1
-1){0 0 1)1 -1
IY(0 O 1Y (1 2
O (o 1 01 -1
-1){1 0 01 -1
1Y(1 0 0)f1 2
00 0 T]f1 -1
-0 1 0)0 -1
A=111
YT O 031 2
00 1 01 =1
-1)\0 0 1)1 -1

Figure 1: The decomposition of a representation of S;.

Let y,, signify the familiar representation of S; by 3 x 3 permutation matrices.
We illustrate the decomposition {3}(c) x {21}(o) by calculating D,, (o)D" for all
o €S,, with D chosen as above. Moreover, we express x*'(0) = tr({21}(0)) in terms
of rim hook tableaux, as described in Section 1.2.
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In Figure 1 we present the values of Dy, (o)D" forall o eS,. The representation
is isomorphic to the dircct product {3} x{21}, where {3} is the trivial representation of
Sy, and {21} is an irreducible representation of Sy of degree two. Note that 1"

- : I . 3 _ 73 21 111 21 _ 3 111
constant on conjugacy classes. The characters ¥ =Z"+Z27 +2Z", y" =-2"+14",
M =2 -7 + 7" constitute a basis of R,.

Forall F, G e R, define the inner product (F,G), =— Zf . With
(reS

respect to this inner product the irreducible characters are OI'[IIOIIOI'llldl, that is

(XA,X‘I)R" = §,,. In contrast, the class functions {Z‘}h“, which are a "natural” basis for

3
"l

R, arc merely orthogonal, so that (ZA ,Z") = %531" The fact that the inner product
n!
on R docs not coincide with the basis {Z‘ }A means that the Z-modunle R, has two
~n
"natural” bases. The bases { xt }A and {Z* }A in R, arc rclated to cach other in the
~n ~n
C . ,
same way as are the bases {.VA }A and {—i'pl in Ay, What makes this all the
~n
n: Arn

more true is that the Frobenius characteristic map is an isometry, so that
(ch(F),ch(G))=(F,G), forall F, GeR,.

Having described how A’ and R, are related by the Frobenius characteristic

. ; ne S eix hases o I ] nl

map, let us turn back to the six bascs {cﬁ }b", {ml}l}”, W2 (1 U },1>—:|’ {h“b_",
{fl }b” , that are the subject of this thesis, and for each basis provide a reason for its
significance.

The elementary symmetric [unctions {el }A are familiar even Lo people with no

bl
special interest in the theory of symmetric functions. This is because the cocflicients of
any polynomial are functions (—1)" e”(x,,...,xN) of its roots x,,...,x,, which is to say that
(t—x)(t=x,)(1=x " (= 1) ¢,(x,5., Xy ). From the point of view of
\ ) NE e Xy ). From the point of view o
0<igN

combinatorics, this means that en(xl,...,,\fN) is a generating function lor subsets of 1,...,N
of size n. As we shall see, this interpretation changes when ¢,(x....,x ) is evaluated at

the cigenvalues &,...,Ey ol an N XN matrix A, so that (',,(é:l ..... éN) generales terms

with both positive and negative sign. This new context does not diminish the importance
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of the clementary symmeetric functions, as they give the coefTicients of the characteristic
polynomial det(rt—A)= [T(r &)= D" (=1)e,(&..... &) of the matrix A.
1<isN 08N

The monomial symmetric functions {"’1 _}b" arc the "natural” coordinate system
for A'y. The basis {Amﬂ }A:_ . is the one which most single-mindedly expresses the
symmetry in the variables v,...,.x,. According to our definition, ni, (xl,...,xN)

Zx (1) “(2 3f~ where the summation takes place over all distinct permutations o
of Z,l >..2 A,. In other words, m, (x,,...,x, ) consists of the term x;"x}*---xp* and no
other terms except those implied by the fact that mi, is a symmetric function. This last
description is very helpful, as we can see if we multiply together e, (xl,xQ,x3)

= XX, + 3,0+ X0 and e, (x,,x,,X;) = X, + x, + x;. The product e, (x,,x,,x,)
=¢,(x,,%,,1, )¢, (x,,x,,.;) contains two copies of the term x;x,, and three of the term
X,X,X;, and so we quickly conclude that ¢,, = ¢,e, = 2ny,, + 3n1,,,, where
ny, (X, 2,5, ) = X200, 4 060+ XX+ X0 + X5+ xax, and (00,0, X)) = XXX,

The Schur functions {.s'l } ..., are most readily introduced in the context of the
ring of antisymmetric functions. A function f(x, ,...,xN) is antisymmetric if
f(xﬁ(l),...,xom)= sgn(0)f(,....xy ) forall oe Sy, If ¢ xf*xd? - xjv is a term in a
antisymmetric function f{x,,...,.xy) with g, g1, 2...2 i1, and ¢, # 0, then it must be
that u, > pt, >...> ,, because otherwise there exists a o € S, such that sgn(o)=—1 and

- By W L -1 N adiceti ) N 1 — 7
€ X = e X X contradlumg ¢, #0. Let &> (2) with §, =N —j for

. . L i L+8, A, +8 Ay+8,
all j, 1< j<N,and let d,, 5(x,...0y) = D sun(0)x 0 x gty x i
oeSy
A;+8; . . . .
= det(x #*4 ) . We say that {a/H 5}1‘ are the monomial antisymmetric functions of
1<i,j<N .

degree n +(';’ ) They form a basis for the Z-module Ay of antisymmetric functions in
variables x,,...,x, of degree )z+(';'). Observe that setting x; = .x; for any f e Ay gives
f=~f =0, which shows that x, —x, divides f. Therefore the product H(x,, —xj)
divides any f e Ay. In particular, H(.\‘i —,\‘j) divides az(x;,...,xy) :(]lz;(jt?’)m e

I<i<jsN
These two polynomials have the same degree and a check of the coefficients shows that



they are equal. We define the Schur functions {“',1 }1»,. to be the quoticnts s, (,\',....,d\tN) =

dy,s (xl,...,xN )/(lé(xl,...,xN). The Schur functions are quoticnts of two antisymmeltric
polynomials and therefore must be symmetric functions. In fact, they form a basis of A’
because {aﬂms }AH is a basis of Ay. The Schur functions may be thought of as the basis
of A’y which arises from the "natural” basis of Ay. |M, 24|

The power symimetric functions { P, }/b _may be thought of as being given by
P, = ch(—c'i Z‘), where {Z‘}l is the "natural” basis of R, as we have alrcady scen.

A -n

The homogeneous symmetric functions {/zx }1\_ becoine especially significant
when they are identificd with the characters {’h }h_" of §, lor which 1, = ch"(/zl).
These characters are the traces of some of the most important representations of S . Let
S, be a subgroup of S, that is isomorphic to the group S, xS, X”'XSM(;)’ Then 7, is
the trace of the representation y, of S, that is induced from the trivial representation of
S,. We provide several examples of this induction, starting with A =n-1,1. Let §,_ |
be the subgroup of S, whose elements permute the letters 2,...,n but keep 1 fixed. Then

(- In particular, S,

I

. is a disjoint union of

, nl n\ __ [ \
S, has [s,|s,-1.| = GO (”_l) =n cosetsof §,_,

the cosets S,y ;,(12)S,_1, (13)S,-1 oo (101)S,_, ,, where, for exaniple, (12)S,_,, =
{g e Sn|g =(12)hhe S”_H}. Note that g[(lt’)S“__l'l] = [(]j)S“_l_l] if and only if
(1))g(li)e S, if and only if g maps j to i. Therefore ¢ may be understood to act on
the cosets as an n X n permutation matrix (50(1,),,)&]'5”, and this is the representation
W, of §, of which 7,_,, is the trace. 1t is the usual representation of S, in terms of
1 X n permutation matrices, with one matrix for each of the n! elements of S,. Its trace
1,11 (0) counts the number of letters i for which o(i) =1.

If A =1", then S, has a single clement, the identity, and there is onc coset of S
for each clement of S,. Note that gl_GS]"] =[rSl":| if and only if ¢ = to™". Thereforc the
induced representation ¥/, is that which maps g into the !X n! pcrmutation matrix

(5ga ,) It is the regular representation and associates each clement of S, with a
"/ o,1es, :
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table that records the effect of its multiplication on the clements of S,. Its trace 717, (g)
counts the number of permutations for which g7 = 7, and therefore 17, (g)=0 for g #id,
and 1,(id)=nl. If 1 =n,then S, isall of S,, and there is but one coset. Therefore y,
is the trivial representation, and 1,(g)=1.

The several examples that we have considered are very important, and it can be
argued that the characters { n, }b" are traces of representations which in practice arise
more frequently and naturally than do the irreducible representations. The multiplicities
of {x‘ }AM in 77, have an interpretation in terms of column strict tableaux of shape 1
and type 4, which are defined in Section 1.2. From them we can tell, for example, that
N, =x*' +x°, where ,, is the representation of S, which we portray in Figure 1.

The forgotten symmetric {functions {fa }“" are given by f, = a)(ml), and only
recently received a combinatorial interpretation, due to Egecioglu and Remmel [ER2].
Ostensibly they are a "missing” basis that is included so as to make the picture complete.
However, in evaluating different symmetric functions at the eigenvalues £,...,&, of an
N X N matrix A, we argue in the conclusion of this thesis that it is the forgotten
symmetric functions which have the most elegant and satisfying combinatorial
interpretation.

We conclude this section by deriving Egecioglu and Remmel's interpretation of
I (xl,...,.rN) in terms of brick tabloids. Recall the Jacobi-Trudi identity
s, = det(hal__‘.,*j)
e, = det(hl_,.+ j)

, where /i, =0 whenever j<0. In the special case 4 =1", we have

1<i,j€m

i e’ A composition of » is a sequence O, Oy Oy of positive

integers which add up to n. The terms generated by (Iet(hl_,._* j) _correspond to the

<i,j

compositions of 1, and each such term has weight A, A, -5 > a8 illustrated by the

(I{(

example below.



